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MULTILINEAR FOURIER MULTIPLIERS WITH MINIMAL 
SOBOLEV REGULARITY, I 

LOUKAS GRAFAKOS AND HANH VAN NGUYEN 


Abstract. We find optimal conditions on m-linear Fourier multipliers to give 
rise to bounded operators from a product of Hardy spaces ^ 0 < pj < 1, 
to Lebesgue spaces The conditions we obtain are necessary and sufficient 
for boundedness and are expressed in terms of L^-based Sobolev spaces. Our 
results extend those obtained in the linear case (m = 1) by Calderon and 
Torchinsky [1] and in the bilinear case (m = 2) by Miyachi and Tomita [14]. 
We also prove a coordinate-type Hormander integral condition which we use 
to obtain certain extreme cases. 


1. Introduction 


Let a be a bounded function on We denote by the linear Fourier multiplier 
operator, whose action on Schwartz functions is given by 




( 1 . 1 ) 


Mikhlin’s [16] classical result states that the admits an L^’-bounded extension 
for 1 < p < oo, whenever 

|-|“l 


155^(01 <aicr 


^^0 


( 1 . 2 ) 


for all multi-indices a with |q!| < [^] -|- 1. This result was refined by Hormander [13] 
who proved that (1.2) can be replaced by the Sobolev-norm condition 


sup 


r(2T-))7 




< oo, 


(1.3) 


for some s > ^, where -0 is a smooth function supported in i < |0| < 2 that satisfies 

E7(2-T) = 1 


for all 0^0. Here = UI-Ay/^gU., where / is the identity operator and 

A = Laplacian on R". 

Calderon and Torchinsky [1] showed that the Fourier multiplier operator in (1.1) 
admits a bounded extension from the Hardy space Rp to Rp with 0 < p < 1 if 


sup 

t>o 


cr(b)0 




< CX) 
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and s > ^ — f ■ Here the index s = ^ is critical in the sense that the boundedness 
of Ter on does not hold if s < ^ This was pointed out later by Miyachi 

and Tomita [14]. 

The bilinear counterpart of the Fourier multiplier theory has been rather similar 
in the formulation of results, but substantially more complicated in its proofs. The 
theory of multilinear operators, and in particular that of multilinear multiplier 
operators, originated in the work of Coifman and Meyer [2], [3], [4] and resurfaced 
in the work of Grafakos and Torres [12]. Multilinear Fourier multipliers are bounded 
functions a on M™” = R” x • • • x R” associated with the m-linear Fourier multiplier 
operator 

yjjmn 


where fj are in the Schwartz space of R" and = d^i ■ ■ ■ d^rn- 

Tomita [18] obtained x • • • x —>• boundedness (1 < pi,... ,Pm,p < oo) 
for multilinear multiplier operators under a condition analogous to (1.3). Grafakos 
and Si [11] extended Tomita’s results to the case p < 1 by using L''-based Sobolev 
norms for cr with 1 < r < 2. Fujita and Tomita [5] provided weighted extensions of 
these results but also noticed that the Sobolev space in (1.3) can be replaced 
by a product-type Sobolev space when p > 2. Grafakos, Miyachi, and 

Tomita [9] extended the range of p in [5] to p > 1 and obtained boundedness even 
in the endpoint case where all but one indices pj are equal to infinity. Miyachi 
and Tomita [14] provided extensions of the Calderon and Torchinsky results [1] for 
Hardy spaces in the bilinear case; it is noteworthy that in [14] it was pointed out 
that the conditions on the indices are sharp, even in the linear case, i.e., in the 
Calderon and Torchinsky theorem. 

Following this stream of work, we are interested in finding conditions analogous 
to those in [14] in the multilinear setting, i.e., when m > 3. Our work is inspired 
by that of Calderon and Torchinsky [1], Grafakos and Kalton [8], and certainly 
of Miyachi and Tomita [14]. As in [14], we find necessary and sufficient conditions 
(which coincide with those in [14]) that imply boundedness for multilinear multiplier 
operators on a products of Hardy spaces. One important aspect of this work is an 
appropriate regularization of the multilinear multiplier operator which allows the 
interchange of its action with infinite sums of atoms (see Section 3). In this 
article we restrict attention to the case where the domain is a product of Hardy 
spaces. We study the case where the domain is a mix of Lebesgue and Hardy spaces 
in a subsequent article. 

We introduce the Sobolev spaces that will be used throughout this paper. First, 
for x G R” we set (x) = y/l+ For si,..., Sm > 0, we denote by 
the Sobolev space (of product type) consisting all functions / on R™” such that 


ll/ll 




) :— 



■•,2/m) ( 2 / 1 )®' ■■■{VmY 


dyi--- dy„ 


< 00. 


Notice that is a subspace of L^. 

Let Ip he a smooth function on R™” whose Fourier transform pj is supported in 
^ < ICI < 2 and satisfies 
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For 0 < p < oo we denote by the Lebesgue space L*’ if p > 1 and the Hardy 
space HP if p < 1. The following is the main result of this paper. 


Theorem 1.1. Let ^ < si,..., Sm < oo, 0 < pi,... ,pm < 1, 0 < p < oo such that 


1 

Pi 


1 _ 1 

Pm P’ 


and that 


E / Sfc 1 \ 1 

An Pfc / 2 


feeJ 


(1.5) 


for every subset J C {1,2,..., m} . If the function a defined on . 


satisfies 


A ■= sup 


r(2-^-)'0 




< OO, 


( 1 . 6 ) 


then T„ is bounded from HP^ x • • • x HP^ — > LP with constant at most a multiple 
of A. Moreover, the set of 2^ — 1 conditions (1.5) is optimal. 

Remark 1.2. Conditions (1.5) imply that Si > § whenever 0 < pi < 1 for all 
1 < i < m. Moreover, the condition in (1.6) is sufficient to guarantee that cr S 
L°°(]R’”"). Indeed, suppose that cr is a function on R™" that satisfies (1.6). It is 
easy to see that + ip{x) + '0(2x) = 1 for all 1 < x < 2. Now we want to 

verify that |cr(2^x)| is uniformly bounded in k for a.e. I < |x| < 2. Applying the 
Cauchy-Schwarz inequality and using the conditions Si > we have 

|ct(2^x)| 


cr(2^x)^(2*x) 


l<i 




i<i 


r(2 


k-l 




iT. Ild + iuT 


:|<i- 






- E C{si,...,Sm,n) \\ak-i\\w<.^i .< 3(7(51,..., s„, n) sup ||crj , 


Ki 


for almost all x satisfying I < |x| < 2. Thus 


.) < 3(7(si,...,sm,n)sup||crj||^(.i......„) < oo. 


The structure of this paper is as follows: Section 2 contains preliminaries and 
known results. In Section 3, we regularize the multiplier to be able to work with 
a nicer operator and thus facilitate the passage of infinite sums in and out the 
operator in the proof of the main result given in Section 4. In section 5, we construct 
examples to justify the minimality of conditions (1.5) claimed in the main theorem. 
Section 6 will present some results about the boundedness of our operator in the 
extreme cases where we need the Coordinate-type Hormander integral conditions. 
The last section contains the detail proof of some technical lemmas using through 
the paper. 
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2. Preliminaries and known results 

Now fix 0 < p < oo and a Schwartz function $ with <h(0) ^ 0. Then the Hardy 
space HP contains all tempered distributions / on R" such that 


WJWh. 


sup * /I 

0</:<c>o 


< oo. 

LP 


It is well known that the definition of the Hardy space does not depend on the choice 
of the function $. Note that for all p > 1. When 0 < p < 1, one of nice 

features of Hardy spaces is the atomic decomposition. More precisely, any function 
/ G HP (0 < p < 1) can be decomposed as / = Xtcik, where a^’s are L°°-atoms 
for HP supported in cubes Qk such that ||afe||^oo < \Qk\~^ and / x'^ak{x)dx = 0 
for all I 7 I < [n(i — 1 )J + 1 , and the coefficients Xk satisfy J^k II/IIlip ■ 

We also use notation A < B to demonstrate that A < CB for some constant 
C > 0, and A^i B \i A< B and B < A simultaneously. 

The following two lemmas are essentially contained in [14] modulo some minor 
modifications. 


Lemma 2.1 ([14]). Let k,l be positive integers, > 0 for 1 < i < k I, and 
let 1 < p < 00 . Assume that a is a function defined on R^" x R*", supported in 
{{x,y) G R^'" X R*” : ja:]^ + Jy]^ < 4}, where we denote x = {xi,... ,Xk),y = 
(yi ,... ,yi) with Xi, yj G R", and set K = , the inverse Fourier transform of a. 
Then there exists a constant C > 0 such that 


IKl/i)''' • • • {yiY’ < c IKyi)''' • • • {yiY’ 

for allxG R'^”. 

Proof. Take p a Schwartz function on R*" such that p(y) = 1 for all y G R*", 
jyj < 2. Then we have (j(x,y) = a(x,y)ip{y). Using the inverse Fourier transform 
we have 

K{x,y) = (k * {5q® ip)\{x,y) = / K{x - u,y - v)5o{u)ip{v)dudv 

V / jRfcnxRi" 

= / K{x,y — v)ip{v)dv, 

where Jo is the Dirac distribution. Therefore, 

(yi)^^...(yz)^' \K{x,y)\ 

= {yiV^ ■ ■ ■ {yiV / K{xi,...,xk,yi-vi,...,yi-vi)ip{v)di 

( n ~ .■.,Xk,yi-vi,...,yi- Tz)] {viY^ ■ ■ ■ {vi)"' \(p{v)\dt 


'i=i 

\Sl 


<Ci ll(yi)^^ • • • (yz)^' • • • {vir l^(n)|ILp'(R<p,,,) 

<C2 IKyi)"' ■■■{yiY' , 

where we used Holder’s inequality in the second to last line. 


□ 


Lemma 2.2 ([14]). Let sz > f for 1 < i < m, and let C, be a smooth function which 
is supported in an annulus centered at zero. Suppose that ^ is a smooth function 
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away from zero that satisfies the estimates 

for all ^ G M™", X 0 and for all multi-indices a. Then there exists a constant C 


such that 

sup 


a(2^(-))$(2^(-))C 


WGi’ 


< Csup 


cr(2-^(-))V' 


WGi. 


.Sm) 


Adapting the Calderon and Torchinsky interpolation techniques in the multi¬ 
linear setting (for details on this we refer to [9, p. 318]) allows us to interpolate 
between two endpoint estimates for multilinear multiplier operators from a product 
of some Hardy spaces to Lebesgue spaces. 


Theorem 2.3 


. Let 0 < Pi,Pi,k < oo and Si^k > § for i = 1,2 and 1 < k < m. 


1 _ 1-9 A J_ = 1-9 _|_ e_ 

P Pi P2 ’ Pfc Pl.fc P2,k 

Assume that the multilinear operator T^- defined in (1.4) satisfies the estimates 


For 0 < 0 < 1, set - = -—- — = 1—^ -|—^ and Sk = (1 — 0)si k + 0S2 k- 

’ P Pi P2 ’ Pfc Pl.fc P2,k ^ y 1,K I Z,K 


m\\ 




^LPi 


< Ci sup 


rifF ■)'lf 


W' 


n.) 


(* = 1 , 2 ). 


Then 


'^O'llffPl X---XHPrn- 


i-LP — ^ 


a{2^-)'ip 


wGi. 


The following result is due to Fujita and Tomita [5] for 2 < p < oo, while the 
extension to p > 1 and the endpoint case where all but one indices are equal to 
infinity is due to Grafakos, Miyachi and Tomita [9]. 

Theorem 2.4 ([.5, 9]). Let 1 < pi,... ,pm < oo, 1 < p < oo and ^ H-^ ^ = p- 

If a satisfies (1.6), then the multilinear multiplier operator T^ is bounded from 
LP^ X • • • X — > LP with constant at most a multiple of A. 

Finally, we will need the following lemma from [8]. 

Lemma 2.5 ([8, Lemma 2.1]). Let 0 < p < 1 and let (/q) o, family of 

nonnegative integrable functions with supp(/q) C Q for all Q G IT, where U is a 
family of finite or countable eubes in R". Then we have 


E 

< 

QdJ 

LP 


E 

Q&J 


^\Q\Iq 


fQ{x)dx'^ 


XQ* 


Lp 


with the implicit constant depending only on p. 

3. Regularization the multiplier 

In this section, we show that the operator defined in (1.1) with enough smooth¬ 
ness of the multiplier can be approximated by a family of very nice operators. 

Theorem 3.1. Let a be a function on M™" and Si > ^ for 1 < i < m satisfying 
(1.6). Then there exists a family of functions (o’'^)g<g<i such that := is 

smooth and compactly supported for every 0 < e < ^; also 


sup sup 
o<£<ifez 


(t'^( 2 A )'0 


< 


sup 


(t( 2^ ■)ijj 




. ,Sm) 


(3.1) 
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and 

limJ|r,(/i,...,/™)-T<,(/i,...,/^)||^. =0 (3.2) 

for all functions fi € 1 < i < m, where are multilinear singular integral 

operators of convolution type associated to K^. 

The following lemma, whose proof will be given in the last section, is the first 
step in constructing such a family of functions as stated in Theorem 3.1. 


Lemma 3.2. Let ip be a Schwartz function. Suppose a is a function on R™" 
satisfying (1.6) for Si > Then we have 


sup sup 

[{p^ * cr)(2-’-)]^ 

, , Y sup 

a(2^ ■)'ip 

e>0 j^Z 


VUGi.«m) ^-^2 



where ... ,Xm) = ^ ^xi,...,e ^Xm) for all Xi < i < m. 


We now start the proof of Theorem 3.1. 


Proof of Theorem 3.1. Fix 0 < e < ^. Choose a smooth function p such that p 
is supported in the unit ball and ^(0) = 1. Denote by = p^* where 

(j)’^ = — 0{e-), and 0 is a smooth function satisfying 6{x) = 0 for all |a;| < 1 

and 6{x) = 1 for all \x\ > 2. We note that these functions are suitable regularized 
versions of the multiplier in Theorem 3.1. Indeed, let K'^ = (ct*^) = p{e{-))-, 

then, K‘^ are smooth functions with compact support for all 0 < e < ^. 

Using the fact that 

|9V(C)I 0 <e<i. 


Lemma 3.2 applied to the function aejf combined with Lemma 2.2 gives 


sup sup 

■)'tf 


< sup sup 


0<e<| ieZ 


' o<£<ifez 



< 


sup 


a{2^ ■)tp 




which yields (3.1). Thus, we are left with establishing (3.2). For e > 0, now recall 
Teifi, ■ ■ ■,fm){x) = j K\x - yi,... ,a; - ym)fi{yi) ■ ■ ■ fm{ym)dy 

Involve estimate (3.1) with Theorem 2.4, we can see that To- and are uniformly 
bounded from x • • • x for all 0 < e < ^. By density, it suffices to 

verify (3.2) for all functions in the Schwartz class. 

Now fix Schwartz functions /,, for 1 < i < m. The Fourier transform of 
Ta(/i,..., fm) can be written by 

m—1 m —1 

• • ■ Ym-lY - X/ ^ ’ 'dfru-l- 

1=1 1=1 

Similarly, the Fourier transform oi Te{fi,..., fm) is 
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We now claim that a'^ converges pointwise to cr. Take this claim for granted, we 
have 

(tMi, ■ • -.uYiO, e ^ 0 

for a.e. ^ G M". Notice that 


Since < \W\\l^ 

theorem implies that 


■Jrr 


lL2 




L2 


< oo for all e > 0, Lebesgue’s dominated convergence 






as e —>• 0 


in and this establishes (3.2). 

It remains to prove the above claim about pointwise convergence of as e —^ 0. 
For each fc G Z, we want to show that cr'^{x) —>■ 17(0:) for a.e. 2^ < |a:| < 2^'+^. 
Indeed, let 0 < e < min {2^^“^, 2“l^l“^} be an arbitrarily small positive number. 
Then we have 


|cr'^(a;) - cr(a;)| < / \ip^{y)\\(j{x - y)\ sup \(f)^{x - y) - l\dy 

"'|y|<%/e 2'“<|a:|<2'“+i 

+ / We(.y)\W{x - y) - a{x)\dy 

"'|y|<^/e 

+ / We[y)\\(r(,x-y)4)^{x-y)-a{x)\dy. 

The first integral vanishes since (jf'{x) = 1 for all 2e < |a:| < i. To estimate the 
second integral, we denote 

ii){2~^x). 

bl<2 

Then ili(x) = 1 for all | < |a;| < 4. Therefore we have 

$(2-'=(x-y)) = $(2-'= a;) = 1 

for all 2^ < |x| < 2*^+^ and \y \ < 2^“^. Now set aj{x) = a{2^x)ip{x) and estimate 


'|y|<v^ 


\ipe{y)\\a{x -y)- (T{x)\dy 


\ipe{y)\ (T{,x-y)^{2 ^{x-y))-a[x)'^(2 ^x) 


J\y\<V^ 

< IIv^IIli sup cr(-- y)$(2-'=(-- y)) - (t$(2-'=-) 

\v\<V~^ 

k+2 


dy 


j=k-2 \y\<V^ 

fc +2 

= lki(--2/) 

j=fe-2 ■>^/e 
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We would like to show 

lim sup \\aj{--y)-(jj\\^^=Q. 

The preceding limit apparently converges to 0 as e —>■ 0 because cTj S ■■■.»">) 
for Si > ^, 1 < i < m. The last term is majorized by 

clkllL- / W{y)\dy, 

which tends to 0 when e —?► 0. 

Thus (J^{x) — a{x) as e —>■ 0 for a.e. 2^ < |a;| < 2^+^. Hence, (T*^ converges to 
a pointwise on R"*". Also ||cr'^||^oo(gmn) < ||tT||^oo(gmn) uniformly for all e > 0. The 
proof of Theorem 3.1 is now complete. □ 


Now fix a Schwartz function K. We denote the multilinear singular integral 
operator of convolution type associated with the kernel K by 

{fi, ■ ■ ■, fm){x) = / K{x-yi,...,x-ym)fi{yi)---fm{ym)dyi---dym- 

jRmn 

^ with compact support. Then 


Proposition 3.3. Let K be a smooth function on 
we have 


T 


Kl 


IHPl x-.-xHPm 

1 1 


>Lp 


< Ck < oo 
1 


for all 0 < pi,... ,Pm,P < cx) and — — -h ■ ■ ■ H-, where is the multilinear 

P Pi Pm 

singular integral operator of convolution type associated with the kernel K. 

Proof. The boundedness of the operator can be deduced from [6, Lemma 4.2], 
which provides the estimate (for some sufficiently large integer N) 


\T^{fl,...Jm){x)\<l[MN{mx), 


(3.3) 


i=l 


for all fiGL'^n HP ', in which 


■^n(/)(x) = sup sup sup \iTt*f)iy)\ 

V&dN t>0 yeB(x,t) 

is the grand maximal function with respect to N, and 

l?Ar := i ¥5 G §(R") : f (1 + jx])^ ^ 13°"(p{x)\dx < 1 

[ |a|<Ar+i 

Taking LP norm, applying Holder’s inequality to (3.3), and using the quasi-norm 
equivalence of some maximal functions [7, Theorem 6.4.4] give us 


\T^{h, ■ ■ • , /m)|L, < n ll■^iv(/^)|Lp. <CkX{ \\M\ 


HPi 


i=l 


i=l 


□ 


Working with smooth kernels K with compact support comes handy when work¬ 
ing with infinite sums of atoms, since we are able to freely interchange the action 
of with infinite sums of atoms. Precisely, a consequence of the boundedness of 
T^, given in Proposition 3.3, is the following result. 
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Proposition 3.4. Let 0 < pi,... ,pm < 1 and 0 < p < oo be numbers such that 

1 _ 1 1 

P Pi Pm ’ 

and let K be a smooth function with compact support. Then for every fi € 
with atomic representation fi = K.kiai^ki, where Oi^ki are L°°-atoms for HP' 
J2ki \^iM T' < 2^’ Wfilfifpi for l'< i <m. Then 

■ ■ ■ Xm,k^T^ {ai^kr, ■ ■ ■ ,am,k^){x) 

kl km 

for a.e. x G K". 

Proof. For any positive integers ,..., iVm we have 

Ai Nm 

^ £ Xi.k,---Xm,krnT^{aiM,---,am,kJ 


ki — 1 km — ^ 

Ni 


Lp 


<ckJ2 




fi ^ ^ ^i,ki^i,ki 
ki^l 


n 

i/Pi 


HPi ’ 


SO passing to the limit, we obtain 

OO OO 

fcl — 1 km — 1 

for a.e. x G R". 

4. The proof of the main result 


□ 


In this section, we prove the main theorem. To do so, we first consider the case 
where a is smooth such that its Fourier’s transform is compactly supported, then, 
by regularization, we can improve the result for any multiplier a in general. 

We now start proving Theorem 1.1. 

Proof of the main theorem. By regularization, we may assume that the inverse Fourier 
transform of a is smooth and compactly supported. If this case is established, then 
Theorem 3.1 yields the existence of a family of multilinear multiplier operators 
associated with a family of multipliers such that K'' = (tr*’) 

are smooth functions with compact supports for all 0 < e < ^, and that (3.1), (3.2) 
hold. Fix fi G HP' fl (1 < i < m). The convergence in (3.2) implies that 
we can find a sequence of positive numbers (cfc)^ convergent to 0 such that 

lim T^^ifi,..., fm){x) = T^ifi,..., fm){x) 

k—^oo 

for a.e. x G R". Fatou’s lemma connecting with (3.1) gives us 
\\Ta{fl, • ■ ■ , /m)|liP < lim inf ||r,,(/i, . . . , fm)\\LP 

k—¥oo 

< sup \\T,{fi,...,fm)\\Lp 
0<e<i 


< sup sup 
o<e<iiez 


< 


sup 


WGi,- 


II/: 


1 IIltpi 


11/ 


WGi,-- 

. , ll/l||_HPi ■ ■ ■ ll/mlli/pm I 


mWHPp 
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thus establishing the claimed estimate for a general multiplier a. 

In view of this deduction, we suppose is smooth and compactly supported. 
The aim is to show that 




ILP 


< 


sup 


r ( 2'^-)'0 


Wf'’!’ 


II/: 


iIIftpi 


II/, 


m||/fp„ 


(4.1) 


Fix functions € HP'. Using atomic representations for -functions, write 

/i = ^ (1 < i < m), 

fc.GZ 


where ai^kt are L°°-atoms for HP' satisfying 

SUpp(Uj ) a Qi^ki: ||ai,/ci II j,oo ^ ^ I ^ ^i.kii.^'jdx — 0 

for all |q;| large enough, and < 2^* WM^Pi- 

For the cube Q, denote by Q* the dilation of the cube Q with factor 2^/n. Since 
K = is smooth and compactly supported. Proposition 3.4 yields that 

ki km 

for a.e. x G K”. Now we can split ^^(/i,. ■., fm) into two parts and estimate 
\TMl,---Jm){x)\<Gl{x)+G 2 {x), 

where 

Gl{x) = I . . . \Xm,km l|2^cr(ai,fci, • ■ •) ^m,km)\XQl ,.^n...nQ'^ f.^ {x) 

kl km 

and 

G 2 {x) = 'y ) • • • ^ ) l-^l.fci I • ■ • \Xm,km I \Ta{o.l,ki: ■ ■ ■ , ) I X(Q* Cl.. .OQ^ )“ {x)- 

kl km 

First we estimate the L^’-norm of Gi, in which we repeat the arguments in [8] for the 
sake of completeness. Without loss of generality, suppose Qj fl ... fl fe™ ^ ® 
and has the smallest length among Qi,kn ■ ■ ■ ,Qm,km- Since Q*]^. have the 

non-empty intersection, we can pick a cube Rki,...,km such that 

Qlk, n... n c Rk,,...,k^ c Rl.^k^ c n... n 

and IQi.fcJ ^ |.Rfei,...,fe„ I, where the implicit constant depends only on n and qI 
denotes for a suitable dilation of Qi^ki- For sj > n/2, it was showed in [9] that 

ll^a-|lL2xL“x---xL“->-L2 ^ 

Therefore, by the Cauchy-Schwarz inequality we have 

I \'^a{^l.ki 5 • ■ • ; ^m,km)ix) \ ^X ^ ||Tcr(ai,/ci t ■ ■ ■ : ^m.km ) II 2^2 \Rki.....km I ^ 

Rki,...,km 

m 

||ai,fci|li2 ||ai,fei||ioo 
i=2 
m 

I 2 \Qi^ki I ^ \Qi,ki I 
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III 

i=l 

The last inequality implies that 

If ™ 1 

nj r / |2CT(ai,fei, ■ • ■, am,fem)(a^)|da; < A . 

Now the trivial estimate 

Gi{x) < E--E l-^l.fci I • ■ • \^m,km I 0^m,k^ ) IX-Rfcj^,...,fc^ (^) 

ki km 

combines with Lemma 2.5 to have 


||G 


iIIlp — 


< A 


< A 


= A 


I Al,/ci I ■ - ■ I \ \Tcr{(ll^ki 7 ■ • ■ 5 ^m,km)\XRk-i^,..., 

L km 

m 

XI • • • E I ■ • ■ I (n r^) .fc 


Lp 


LP 


< 


< 


rn 

E • • ■ E I ■ • ■ III (1*3*. 

ki km 2=1 

m 

n(E IIQj.fciI Xq? ^ ^ 

i=l ki 

^ ^ IIQ»,fciI Xq# 




lJ 


LP 


2=1 
m 

Al[\\f^ 


LPi 


iWHPi ■ 


i=\ 


Thus 


IIG'llliP ^ ^ ll/l||ffPl ■ ■ ■ ll/rnll/i-pm • (4-2) 

Now for the harder part, G 2 {x), we first restrict x G i.J \ (UigjQ*feJ for 

some nonempty subset J C {1, 2,..., m} . To continues our progress, we will need 
the following lemma whose proof will be given in the last section. 


Lemma 4.1 (The key lemma). Let Si > n/2, 0 < Pi,p < 1 &e numbers and a be 
a function satisfying (1.5) and (1-6). Suppose at are atoms supported in the cube 
Qi, (i = 1,... ,m) such that 

lloill^oo < IQiT^, / x°'ai{x)dx = 0, 

Jq. 

for all |q!| < Ni with Ni = [n{A — 1)]. Fix a non-empty subset Jq C {1,..., m} . 
Then there exist positive functions bi,... ,bm such that 

\T^{ai,..., am){x) I < ^ 6i (x) • • • bm{x) 

for all X G (n^^j^Q*) \ (U^gj^Q*), and \\bi\\^p^ < 1, 1 < i < m. 


(4.3) 
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Lemma 4.1 guarantees the existence of positive functions fcj j ■ • ■, de¬ 

pending on Qi.fei) • ■ •) Qm,km respectively, such that 


|TCT(ai,fej , ■ • ■ , dm,km ) I ^ ^ ^l.fei ' ' ' ^m,k 


for all X G \ i'JisjQlki) and llbl,. 


< 1. Now set 


LPi 


Then 


Kk. = Y. Kkr 

\Ta- J ■ ■ ■ ! Om.fcm) |X(Q* fcj n...nQJ^ ^ ^ ■ ■ ■ bm,k„ 


and ^ 1- Estimate (4.5) yields 


(4.4) 


(4.5) 


G2{x) ^ I X] \^i,ki\bi,kiix) J . 

i=l \ ki / 

Then apply Holder’s inequality to deduce that 


^ A |l/l||jypi • • • ||/m|lijPm ■ (4-6) 

Combining (4.2) and (4.6) yields (4.1) as needed. The proof of Theorem 1.1 is now 
complete. □ 


5. Minimality of conditions 

In this section we will show that conditions (1.5) and Si > ^ are minimal in 
general that guarantee boundedness for multilinear multiplier operators. We fix a 
smooth function ip whose Fourier transform is supported in {2~^ < |^| < 2^}, it 
satisfies il’iO = 1 for all 2~i < |,f| < 23, and for some nonzero constant c 

X^^(2"'0 = c, 

jei. 


Now we have the following theorem; 


Theorem 5.1. Let 0 < pi < oo, 0 < p < oo, and Si > 0 for 1 < i < m. Suppose 
that the estimate 


|T<7(/i,---,/m)|lLP < sup 


a{2^-)'ip 




.sm) 


nil/^lliy- 


holds for all fi G and a G The following conditions are then 

necessary: 

n 

Sj > -, VI < y < m, (5.1) 

and 



(5.2) 


for every subset J C {1,..., m} . 


The following lemma is obvious by changing variables, so its proof is omitted. 
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Lemma 5.2. Let ip be a nontrivial Schwartz function and s > 0. Then 

for all 0 < e < 1. 


Proof of Theorem 5.1. We show first the necessary conditions (5.1) for 1 < f < to. 
Without loss of generality, we will show si > To establish this inequality, we need 
to construct some functions (0 < e 1), and fi G such that |l/i||^Pi = 1 
for all 1 < i < TO, and \\Ta-t{fi ,..., /m)||j;,p ~ 1, and further that 


sup 




< f 2-®l 




Once these functions are constructed, one may have 


l-\\T^.ifl,...Jr, 


I LP - sup 


■)'ip 


wGi. 


nil/. 

i=l 


i\\HPi 


< f 2 -'>1 


for all 0 < e <C 1. Therefore we get si > ^. 

Let be a nontrivial Schwartz function such that Ip is supported in the unit ball, 
and let 02 = • • ■ = 4>m-i be Schwartz functions whose Fourier transforms, 02, is 
supported in an annulus < |.C| < identical to 1 on < |C| < 

Similarly, fix a Schwartz function 0m with 0m C G M” : < |.CI ^ 

0m = 1 on an annulus || < |^| < ||. Take a, 6 G M" with |a| = and |6| = 1. 
For0<e< set 

■ • ■ ,Cm) = -)02(C2) • • • 4>m{f,m). 

It is easy to check that supper'^ C |2“3 < |CI ^ 2^1; hence, for 

j = 0 and (T'^(2b).0 = 0 for j ^ 0. This directly implies that 


sup 

jGZ 


(7^{2^ ■)lf 


Wfi^l ' ■ • ■ iSm) 


IwGi. 


i) ■ 


Taking the inverse Fourier transform of a'^ gives 


(ct'')''(xi, ... ,Xm) = e”e^’"“'“V(ea;i)02(a;2) • • •0m(a;m)- 


Now apply Lemma 5.2 to have 


I 


< 


e2 


Thus 


sup 


(t'^(2T)0 


< 


WGi. 


£2 


Now choose /i(C) = for 1 < i < to — 1, and /m(C) = 

Then we will show that these functions are what we needed to construct. 

In the following estimates, we will use the fact, its proof can be done by using 
the Littlewood-Paley characterization for Hardy spaces, that if / is a function 
whose Fourier transform is supported in a fixed annulus centered at the origin, 
then ll/ll^p « ll/ll^p for 0 < p < oo. 
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Indeed, using the above fact and checking that each fi is supported in an annulus 
centered at zero and not depending on e allow us to estimate ^I^’-norms via L^- 
norms. Namely 

ll/dlijpi ~ ll/*llLPi = 1, (1 <*<to)- 

Thus, we are left with showing that ||rcr(/i,..., fm)\\LP ~ 1- Notice that ^i(^) = 1 
on the support of /i for 2 < i < m. Therefore, 



)ep"i 

-?( 



e )) 


jeFT 

-?( 


e . 

e )) 


= * ip){ex)[ip{ex)r-^ 


which obviously gives ||T1 t*(/i, ■ ■ ■, fm)\\i^p ~ 1- So far, we have proved that si > 
hence, by symmetry, we have Si > ^ for all 1 < i < m. 

It now remains to show (5.2). By symmetry, we just only need to prove that 



(5.3) 


for some fixed 1 < r < m. To achieve our goal, we construct a multiplier cr'^ such 
that 

< ef-«i- 

.,Sm) 

for 0 < e <C 1 and functions fi satisfying ||/i||j:^Pi « 1 for 1 < i < to and 


sup 


cr^{2^ ■)ijj 


Then inequalities 


Pr 


< 

< 


(/!,...,/„ 


ILP 


sup 


cr^{2^ ■)ij) 


wt"!. 


e2 




for all small positive numbers e yield the claim (5.3). 

We construct functions that give us enough ingredients to establish the multiplier 
and functions fi, (1 < * < to), as mentioned above. Take two smooth functions 
(p,<j) such that (/3(0) ^ 0, ^ is supported in G R” : |^| < jg^} and (p{x) = 1 

for all Id < somr 


^ , and that (j) is supported in an annulus ^ |C| ^ tt^ and 


1 

23m — ISI — 19m 

?(d = 1 for all 2^ < Id < 2^- Fix a, 6 G R" such that |a| = r'i, |6| = ^ 


For0<e< 

^ (Cl I ■ ■ ■ ! Cm) 


define 


= ^ 


- “)) ~ '"Kl 

i—l i —1 i —1 


-Cr))'?(Cr-+l)---?(Cm)- 
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Once again, we have supp cr'^ C G 
previous case, implies that 


2 ^ < Id ^ 24 }, which, as in the 


sup 


d2^-)V' 


I WOl.«m) 


, . . • jStti ) 

By changing variables, we can obtain the inverse Fourier transform of as follows 
(crd'^(a^i, ■ ■ -.Xm) 


27ria- Xi 

= re ^=1 


r 

-X2)--- ifixi - Xr)(l){Xr+l) ■ ■ ■ (j^iXm)- 


Taking Sobolev norm deduces 




o = Oe" 




r r 


z=l i=2 


Y\_{^+\xi\^y"dxi-■ ■ dXrj , 


2=1 


where C = r ■ 

Next, we show that 

r 

/ ip(e'^xAip{xi - X2) ■ ■ ■ ifixi - Xr) 

J'^nr _ 


2=1 

< -n-2(siH-hsr) 


J^(l + \Xif)^*dxi ■ ■ ■ dXr 


i=l 


(5.4) 


In fact, changing variables in the above integral together with Lemma 5.2 yields 

2 

]^(l + |xy)''*da;i • • • dxr 


C ' 

/ ^(e'^Xi^(p{xi - X2) ■ ■ ■ (fixi - Xr) 

aR"'- 

I J \(p{eyi)(p{y2) ■ ■ ■ ipiyr)\'^ [^ + ^1^^' 


n 1+ -yk + -Y.y- 


k =2 


i=l 


dyi - ■■ dyr 


< 


< 


/ 2 TT f - 

Wyyi)^{y 2 ) ■ ■ ■ ^{yr)] J_J_ (^1 + lyil j dyi---dyr 


]^nr 


2=1 

J l‘/a(e2/i)l^(l + |yi|^) dy 


where the implicit constants do not depend on e. Inequality (5.4) gives us the 
estimate 


sup 




. 


= o- 


I Wt®!’ 




To construct functions /j, we fix a smooth function C such that is supported in 
G M" : 1C — a| < 3 ^} and is identical to 1 on {C G K” : |C ~ 
set /i = • • • = /r = C and /i(C) = for r + 1 < i < m. It is clear that 

ll/di/Pi ~ ll/illiPi ~ Ij 1 ^ ^ ni- 
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Moreover, ■ ■ ■ fr{&) = 1 on the support of the function 

" «))<?( J - ^ 2 )) - Cr)) 

i—1 i—1 i—1 

and also (/)(^) = 1 on the support of the functions fi for all r +1 < * < m. Therefore 
we have 

TAfu- ■ •, fruA) = 

Take L^-norm, we get 

which is the last thing we want to obtain for our construction. Notice that the 
above argument also works for pi = oo. □ 


6. Endpoint estimates 


In this section we consider two endpoint estimates for multilinear singular inte¬ 
gral operators. In the first case all indices are equal to infinity and in the second 
case one index is I and the others are equal to infinity. 

For X € R" and 1 < k < m, define 

r^ = {(yi,...,y„)eR™- : \yt\ > 2\x\} . 

We say that a locally integrable function K{yi,... ,ym) on R™" \ {0} satisfies a 
coordinate-type Hormander eondition if for some finite constant A we have 

m ^ 

X!/ \ K{yi,...,yk-I,x-yk,yk+i,---,ym)-K{yi,...,ym)\ dy < A (6.1) 

7 1 dr'“ 

k—l 777 

for all X € R". Another type of (bi)-linear Hormander condition of geometric nature 
appeared in P&ez and Torres [17]. 

Denote by Ap = {{p, oo,..., oo), (oo,p, oo,..., oo),..., (oo,..., oo,p)} the set of 
all m-tuples with (m— 1) entries equal to infinity and only one entry equal to p. The 
following result provides a version of the classical multilinear Calderon-Zygmund 
theorem in which the kernel satisfies a coordinate-type Hormander condition under 
the initial assumption that the operator is bounded on Lebesgue spaces with indices 
in A 2 . We denote by the space of all compactly supported bounded functions. 


Theorem 6.1. Suppose that an m-linear singular integral operator of convolution 
type T with kernel K is bounded from x • • • x to with norm at most 
B for all (gi,..., g^) € A 2 . If K satisfies the coordinate-type Hormander condition 
(6.1), then 

\\T{fl, ■ • ■ , /m)||BMO (^ + -S)||/i||loo • • • ||/m||L°° (6-2) 

for all fj in . Moreover, T has a bounded extension which satisfies 


l|T(/i,..., <A + B)\\f,\A n IIMU“ 


2=1 

k^i 


(6.3) 


for all 1 <i < m, fi € , and fk € for k ^ i. 
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Proof. Fix a cube Q. To prove (6.2) we show that there exists a constant Cq such 
that 

^J^\T{h,...Jnf){x)-CQ\dx<{A + B)\\hU^---\\f^\\L^. (6.4) 

We decompose each function fj = fj+fj, where /° = fjXQ* and fj = fjX(Q»Y- 
Let F be the set of the 2™ sequences of length m consisting of zeros and ones. We 
claim that for each sequence k = (fci,..., km) in F there is a constant C^: such that 

^ \T{f^\ ..., ft)(x) - q,| dx<{A + B)\\f,U^ ■ • • Wfmh^. (6.5) 

Assuming the validity of the preceding claim we obtain (6.4) with Cq = 

Next, we want to establish (6.5) for each fc G F. If fc = (fci,..., km) has at least 
one zero entry we pick = 0. Without loss of generality, we may assume that 
ki = 0. Since T maps Lf x L°° • • • x L°° to Lf, we have 

ir(/fb...,/^)(x)idx< iT(/^b...,/^)(x)pdxy 

<B\Q\-^Q*\Hh\\L^---\\fm\\L^ 

<B\\h\\L^---\\fm\\L-- 


Now suppose that k = (!,...,!). Set Cg = ..., f^){xQ), where xq is 


the center of the cube Q. 

Then we have 


■ ■■JDix) ■ 

- Cj:\dx 

\Q\ Iq Im" 

\K{x-yi, 

■ ■ ■,x-ym) - K{xQ-yi,. 

m 

n ii/.iu~ 

P m p 


1 

VI 

XsXl 

\K{yi,...,{x-XQ)-yk 

-^Q 

<A\\hh^- 

■ • ll/mlU” ■ 



i=l 


This completes the proof of (6.2) and we are left with establishing (6.3). Fix 
A > 0. It is enough to show that 

|{x G R" : |T(/i,..., fm){x)\ > 2A}| <{A + B)j \\hh^ ■ ■ ■ \\fmh^ . 

By scaling, we may assume that ll/iH^i = ||/2 |Il~ = ••• = ||/m|lLoo = 1. Let 6 
be a positive number chosen later and let /i = gi + 6i be the Calderon-Zygmund 
decomposition at height SX, and bi = where bi j are functions supported 

in the (pairwise disjoint) cubes Qj such that 

supp(6ij) C Qj, / bi^k{x)dx = 0, 
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\\hJ^,<2-+^SX\Q,l ^|Q,|< 


(5A’ 

Jih^<2-SX, \\gih^<l. 

Now we can estimate 

|{xeR" : |T(/i,...,/^)(x)| >2A}|<|{xeR" : \T{g,,..., U){x)\ > X}\ 

+ |{a;eM'^ : |T(6i,...,/^)(a;)| > A}|. 
Since T maps x L°° x • • • x L°° , the first part can be controlled by 

|{a:eM” : \T{gi,..., frn)ix)\ > X}\ <^ [ \T{gij 2 ,...Jm)ix)\^dx 

< - . 

- A2 

To estimate the second part, we set G = UjQ*. Then we have 

: |T(6i,...,/^)(cr)| > A}| <|G| + |{x G : |r(6i,...,/„)(x)| > A}| 

j 

Notice that 


+ h ,jnbl,j,...Jm){x)\dx. 


|G|<^|Q;|<^|Q,|< 


1 

SX' 


3 3 

Denote by Cj the center of the cube Qj. Invoking condition (6.1) yields 


< 


< 


< 


[ \T{bi,j,...,fm)ix)\dx 

/ / K{x-yi,...,x-ym.)bij{yi)f 2 {y 2 )---fm{ym)dydx 

J(Q-Y J 

n p ^ 

/ / [K{x-yi,y2,...,yni)-K{x-Cj,y2,...,ym)\bij{yi)W_fi{x-yi)dydx 

(Qj) i—2 

m „ 

i=2 bq;y 


< 



'q3 


X - yi,y 2 ■ ■ ■ ,ym) - K{x - Cj,y 2 , ■ ■ ■ ,ym)\\bij{yi)\dydx 


\K{yi - Z1,Z2 ■. . ,Zm) - K{zi,Z 2, ...,Zjn)\dz> \bij{yi)\dyi 


Therefore 


1 f 


X 


/ \T{bi,j,...,f,n){x)\dx <-J2\\bi,3\\L^ < 


A ■ 


Choosing 6 = B ^ and combining the preceding inequalities we obtain 

KxGM” : in/i 

which yields (6.3). 


KxGM” : \T{f,,...Jrn){x)\>2X}\<j{2^B + B + 2^+^A)<2^+\A + B)j, 

□ 
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This result allows us to obtain intermediate estimates between the results in [5] 
(in which 2 < pj < oo and 2 < p < oo) and the results in [9] (in which 1 < < oo 

and 1 < p < 2). 

Corollary 6.2. Let 1 < pj < oo and 1 < p < oo satisfy l/pi + • • • + 1/pm = 1/P- 
Assume that (1.6) holds for a function a on R™” where Si > n/2 for all i. Then 
the multilinear Fourier multiplier operator maps x • • • x LP"' to 

Proof. Note that Sobolev condition (1.6) for a implies Hormander condition (6.1) 
for K = . The proof of this implication is standard in the linear case and in 

the TO-linear case it follows by freezing all but one variable (in the bilinear case 
it is contained in [14]). We are now able to apply Theorem 6.1 to To-, and hence 
Corollary 6.3 follows. Interpolating between (6.2) and (6.3) yields that maps 
pp X X • • • X L°° to pP for all 1 < p < oo. By symmetry, we deduce that 
is bounded from x • • • x L"?™ to PP for all (qi,..., qm) G Ap and 1 < p < oo. 
Once again, by interpolation, we have that maps from PP^ x • • • PP^ to pP for all 
1 < Pi,..., Pm < oo and 1 < p < oo such that — + • • • H —— = - with norm at 

Pi Pm P 

most a multiple of A. □ 

Corollary 6.3. Let a he a bounded function on M'”" \ {0} which satisfies (1.6) 
with Sj > n/2 for all j = 1,. ■ ■ ■, m. Then we have the estimate 

||T.(/i, ..., /^)||bmo < A||/i|U=. • • • \\fm\\L^ (6.6) 

for all functions fj € 

Proof. As before condition (1.6) for cr implies (6.1) for K = . Applying Theorem 

6.1 to Tct, Corollary 6.3 follows. □ 

7. Proofs of some technical lemmas 

In this section, we will give the detail proofs of some lemmas that were used in 
previous sections. 

7.1. The proof of Lemma 3.2. For /c G Z, fc > 2 denote 

Fk = {yG R™” : 2'=-^ - 2 < jpj < 2'=+^ + 2} . 

Fix X = (xi,..., Xm) G R™”. Then we have 


(pe * cr)(2^x)i/’(x) = e ™"'(p(e ^y)i7(2^x - y)dyj'tp(x) 


= y e-™-2^™Xe-i2^y)a(2^ (x - y))dp j i/;(x) 

= ^\ [ {x - y))^{2-’^{x - y))dy\ ^{x) 

= X! { / T<i2-i{x - y)cr{2^y)i^{2-^y)dy'^ip{x) (7.1) 

+ X! / {x - y))^{2-^{x - y))^{x)dy 


\k\<2' 


(7.2) 
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The norm of term (7.2) can be estimated easily by 

dy 


X] /l‘7’e2-.>(2/)l cr(2'’(-- y))'0(2 '"{■-y))ip 

|fe|<2“' 

< X /l7^.2-.(2/)|||^(2^(--2/))t^(2-'=(--2/)) 




| fe |<2 

| fe |<2 




lyt*!.“”*), 


.«m) 

l<Pe2-4y)My sup a{2^-)^ 


VyC®!.Sm) 




dy 


in which the second last inequality follows from the fact [5, Proposition A.2] that 

ll/5llvy(*l.^ ll/llvy(oi..-..Sm) ||5|lvy(ei,...,»m) J 

when f,g G ■■■.«-) for > f. 

Now fix integer numbers li > Si and set I = li + ■ ■ ■ + Im- Since ||/||^^(si,...,sm) < 
ll/ll^i, the bP(®u. ..sm) norm of the term in (7.1) is bounded by 


X 

k<-3 


(• - y)o-(2-^y)V’(2 'y)dy )il) 


w’- 


^ X X 

fc<-3 |a| + |/3|<i 

= X X 

fc<-3 |a| + |/3|<i 


i2 


I {e2 - y)cr{2^y)i’{2 ^y)dyjd^ij 

[ - y))'0(2~^(- - y))dy\dl^ip 

'k<\y\<i (^2 J)l“l J 


L2 


< 


< 


X X /(^)'“'l(5».2-.(2/)l||u(2^(--2/))^(2-'=(--y)) 

O I _ I ^ 7 ^ 


fc<-3 |a|<i 


L2 


dy 


i: 2'? ||,(2<«.)f|| ^ / (JL)'"i0»..-4!/)|d!/ 

/«<-3 

< X 2^ ^ / Idl'“'l(5»(y)|d2/ 

O I _ I ^ 7 


k<-3 


< 


sup 


a{2^ ■)ip 


W(‘i . 

Finally, we deal with term (7.3). We have 

X { / ‘^e2~2(- - y)cr(2^y)^(2"'=y)dy|^ 

X { / ‘^e2-2(-- 2/)u(2-^y)V^(2"'=y)dy|^ 


fe>3 

< 


k>3 

^ X X 

fc>3|a| + |/3|<; 


n2(si,...,STO) 


w‘ 


(e2 •^) l“l(a“(^),2-4-- 2 /)o-( 2 '’y)V '(2 ''y)dy 
XX {/ (e2"^)"l“l(5“v7),2-2(y)cr(2^(--y))^(2-'=(--y))dy|a^^ 

7^ Q I _ I '■ JFt 


fc>3|a| + |/3|<; 


L2 
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^ XI XI / ( 2/0^2-^) ' cr(2^(--?/))^(2 ’^{■-y))d^ip 

k>3\a\ + \p\<r ^ 

= E E / (2ro)'“'l(5>).2-.(y)l||a(2^0^(2-'=0(a''V^)(^ 

fc>3 |a| + |/3|<i'^-^'“ 

^ (^)'“' I(5».2-. (?/)I ||a(2^-+'=.Ma^V^)(2'= • +y) 


L2 


dy 


L2 


< E E / 2 '"^ 

fe>3 + 


L2 


dy 


dy 


see/ 2'*‘(^)'“'Ka“*>)..-.(ril||<'(2'+‘')v; 

fc>3 |a|<i ^ 


_L2(B(_2-'=y,2i-'“)) 


dy 


^ E E 

|a|</ fc>3 

^ E E 

|a|<i fc>3 


'Fk 


Vl/(si.Sm) 


< sup 

k^li 


< 


sup 


a{V+^-)^ 
a{2^ ■)ip 


ty(si,...,am) 


EE/ (#j)'“'l(^>W4d)Md 


^(si,...,s^) 

The proof of the lemma is now complete. 


7.2. The proof of Lemma 4.1. Before verifying Lemma 4.1, we mention ap¬ 
proaches that were used by other authors. First, with assumption on the kernel 


—mn—\cx\ 


<4i X \yk-yi\ 


. k,l—0 


for all lal < N, Grafakos and Kalton [8] showed that estimate (4.3) holds for the 
corresponding multilinear singular integral operator with 


h{x) = 


IQ, 




(^Ix- Ci| +£{Qi)"j 


n+2 


Miyachi and Tomita [14] constructed functions h satisfying Lemma 4.1 in the bi¬ 
linear case. We adapt these techniques to prove the key lemma in the multilinear 
setting. 

Now we start the proof of Lemma 4.1. We may assume that Jq = {1,..., r} for 
some 1 < r < TO. Fix 

m r 

^e( fl q:)\UQ/ 

i—1 

(when r = m, just fix a; G R” \ lj”/i Q*). Now we rewrite To.(ai,..., am)(x) as 


T^(ai,...,a,„)(a;) =^gj(x), 
jez 
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where 

9 i{x) = [ {x - yi),... ,2^ {x - ym))ai(yi) ■ ■ ■ am{ym)dyi ■ ■ ■ dym 

J^mn 


with Kj = ((7(2^-)'0)^. Let Ci be the center of the cube Qi {1 < i < m). For 
1 < i < r, since x ^ Q* and yi € Qi, \x — Ci\ k. \x — yi\. Fix 1 < A: < r. Using 
Lemma 2.1 with Si> ^ and applying the Cauchy-Schwarz inequality we obtain 


n( 2 ^(a;- Ci))*‘ | 5 j(x)| 

« r m 

23mu J \K^^2^^x - yi),..., ^ix - ym))\l[ dy 

QlX---xQm 

/ r m 

n (2^'(x - 2/,))'* - yi), ■ • ■, 2^'(x - y™))| n m~^dy 


i=l 

< 

< 


QiX---xQ„ 
m 

< 2^™ n 




2=1 


X \Kj{2^{x - yi), ...,2^{x- yr),yT+i, ■ ■ ■ ,ym)\dyi ■ ■ ■ dyrdyr+i ■ ■ ■ dy„ 


I IfL 


2=1 




/R(m-r)Ti 


\Qk\-\V{x-yu)) ’^ X 


Qk 


n ^3 (j/u • ■ • > 2 /fe-u 2-^ (x - j/fe), 2 /fc+i ,...,ym) 


2 = 1 
i^k 


< 


(m — r)n 


\Qkr{2^ix-yk))^ X 


Qk 


I 110 p 

i=l i=r+l 

r 

n ^22*)*' Kj {yi,...,yk-i,2^{x- yQ, yk+i ,---,ym) 

2=1 
i^k 

r m p 

n / \Qk\-^{2^{x-yk)y"X 

*=’'+1 Qk 

m 

n (y^y* Kj (yi,..., yk- 1 , 2 ^ {x - yk), yk+i ,---,ym) 

2=1 
i^k 

r m 

= 2^''^\{m^-yhf'°\x) n Hx) 


dykdyr +1 ■■ ■ dy 71 

L°°{dyi---dyk---dyr) 

Sk 


dykdyr+i■■ ■ dy 71 
L^{dyi---dyk---dyr) 


dyk 


L^(dyi---dyk---dym) 


2=r+l 


(7.4) 
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for all X G \ where 


hf^\x) = 


\Qk 


{2^{x - yk)y 


Qk 


n ) 2/fc-i, 2 '’(x - Vk), Vk+I , • ■ •, 2 /m) 

L'^{dyi---dyk---dym) 

_ 1 _ 

and bi{x) = \Qi\ XQl (a;) for r + 1 < / < m. A direct computation gives 


dyk 


,(fc.o) 


L2 


< 2"^ 


a(2^-)'ip 




= A2-^. 


Using the vanishing moment condition of Ofc and Taylor’s formula, we write 

nl 


9,(i) =2>”‘” 


E c-,/ 

, -/R 


|a|=Affc 


Rmn >. JQ 


(1-t) 


Affc-1 


^ ~ yi)’ ■ ■ •, 2'^ (a; - Cfc - t{yk - Ck)), ...,2^{x- //m)) 

X (2'^(?/fc - Cfc))“ai(2/i) • • • amiym) dyi ■ ■ ■ dym- 

Repeat the preceding argument to obtain 


\{{V{x-c.)y'\g,{x)\<V'--\{\Q.t^^hf’^\x) n Hx) (7.5) 


for all X G (n^^+iQ*) \ (Ut^^Q*), where 6i(a;) = \Qi\ XQ*(a;) for r + 1 < i < m 
and 


hy^^\x)= j: 


|a|=Affc 


iQk '-ao 


‘^^^Ck,y>‘ 


Y 1 (y») ■ ■ ■ ’ Vk—l^ ^Ck,y'‘ ’ 2/fe+li ■ ■ ■ j 2/™) 


i=l 

i^k 


L^{dyi---dyk---dym) 


X ( 2 ^£(Qfc))'^'“|Qfer' dt} dyfe, 


with x*^^ y^ = X — Ck — t{yk — Ck)- Applying Minkowski’s inequality together with 
Lemma 2.2 implies that 


(fc.i) 


L2 


<A2-^{2H{Qk))^K 


Combine inequalities (7.4) and (7.5), we get 

r 

]^(2^(a;-Ci))'’‘ \gj{x)\ 

r m 

2-^™ J^|Qj|^“U'min|/i^''’°^(a:),d^-^’^^(a:)| bi{x) 


< 


2=1 




(7.6) 
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for all 1 < fc < r. The inequalities in (7.6) imply that 


< 


r r m 

2^™]^ n(2^(a^-Ci)) n 


(7.7) 


2=1 


2=1 


i—r-\-l 


for allxe(n™,+iQ*)\(ULiQ*). 

Now we need to construct functions (1 < A: < r) such that 

r m 

9j{x) < A Y[uj{x) bi{x) 


fe = l 


2 =r+l 


for all X e (n™^+iQ*) \ (UJ'^^Q*) and that X) 


3 3 


5, 1 for all 1 < A < r. 


LPk 


Then the lemma follows by taking bk = J2j (1 < A < r) and bi = \Qi\ XQ* 
(r + 1 < i < m). 

Indeed, we can choose 0 < Afc < min + such that 


= 


r — 1 


fc=i 


This is suitable since conditions (1.5) implies that 


r 

^minj 


1 Sfe 1 


fc=i 


2 ’ n pfe 2 / 


r — 1 


Set Ofc = -i— i and Bk = 2 (:^— a^). Then we have 

Pk ^ ^' 


Pk 


11 

fc=i fe=i 

/3fc > 0 and /3i + • • • + /3r = 1. Now define 

(2J(. - Cfe))-*'" X(Q.)= min {hfhf 
Then, from (7.7), it is easy to see that 

r m 

93^^) ^AY[u'^{x) P b^{x) 




1 < k < r. 


fe=i 


2 =r+l 


for all X € It remains to check that \u^{x)\^dx < 1. 

Since — = ak setting 4- = 1-Holder’s inequality gives 

Pk 2 Pk Pk 


Ih.lL., < A-^^2nQk\^ {2\- - Ck))-^^ XiQi) 
for all 1 < A < r. Notice that n < —, we have 

— — ryi. ' 


L “fc 




Pk 






L^/°‘k 


< 


2-3ncxk min {1, (2^£(gfc))“'“"-"'= } 
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and 




/3fc 


< min 




dfe.o) 


L2 




< 




Pk 


Therefore 

Ih'lLp. <2^”IQfel'”^2-tmin{l,(2^£(Qfe)r'=”-^'=}min{l,(2^£(Qfe))'^'“^''} 

<(2^£(Qfe))””^ min {1, (2^^(gfe))“'="-^'“} min {l, {2H{Qk))^'^^’^) • 

This inequality is enough to establish what we needed /b" (a;)|^‘’da; < 1. 

The proof of Lemma 4.1 is complete. 
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